Abstract. We prove some stability results for certain classes of C*-algebras. We prove that whenever A is a finite-dimensional C*-algebra, B is a C*-algebra and φ : A → B is approximately a * -homomorphism then there is an actual * -homomorphism close to φ by a factor depending only on how far is φ from being a * -homomorphism and not on A or B.
Introduction
In this paper we prove an Ulam stability result in the category of C*-algebras. Ulam stability results state that a map which is "almost" a morphism must be close to an actual morphism; the exact definition of "almostmorphisms", and the notion of closeness involved, vary with the result. This area originated and take its name from the work of Ulam, who, in [Ula64, Chapter VI.1]), was the first to pose stability questions.
While some results on the Ulam stability of group representations can be found in [Kaz82] , [GKR74, Section 3] and, more recently, [BOT13] , we work instead in the category of C*-algebras, where the notion of an ǫ-morphism necessarily involves all of the operations of a C*-algebra (see Definition 1.1 below). Throughout the paper F will denote the class of finite-dimensional C*-algebras, AF the class of unital AF algebras, M the class of von Neumann algebras and C * the class of all C*-algebras.
Our notion of Ulam stability is quite strong: given two classes C 1 and C 2 of C*-algebras, we say that (C 1 , C 2 ) is Ulam stable if for all ǫ > 0 there is δ > 0 such that given A ∈ C 1 , B ∈ C 2 and a δ- * -homomorphism φ : A → B, we can find a * -homomorphism ψ : A → B which is ǫ-close to φ (see Definition 1.6). The same hypotheses were assumed by Farah in [Far11a, Theorem 5.1], where he proved a quantitative version of Ulam stability for C 1 = C 2 = F.
In the first part of the paper, we extend Farah's result: Theorem A below gives Ulam stability for C 1 = F and C 2 = C * .
Theorem A. For all ǫ > 0 there is δ > 0 such that given F ∈ F, A ∈ C * and an δ- * -homomorphism φ : F → A, there exists a * -homomorphism ψ : F → A such that for all x ∈ F ≤1 , ψ(x) − φ(x) < ǫ (Our Theorem 1.7 gives a quantitative version of Theorem A, and the dependence of δ is terms of ǫ is specified.)
In the second part of the paper, we prove that Ulam stability passes to inductive limits in case the range algebra is a von Neumann algebra (see Theorem 2.1 for details). As a consequence, we obtain the following:
Corollary B. For all ǫ > 0 there is δ > 0 such that given A ∈ AF, M ∈ M and an ǫ- * -homomorphism φ : A → M , there is a * -homomorphism ψ : A → M such that for all x ∈ A ≤1 , φ(x) − ψ(x) < ǫ.
(As above, we offer a quantitative version of Corollary B in Corollary 2.2.) At the end of the paper we give a connection to perturbation theory, showing that a particular form of Ulam stability for unital separable AF algebras is equivalent to the problem of whether, given two Kadison-Kastler close copies of a separable AF algebra, there must be a * -isomorphism between them which is uniformly close to the identity (see Corollary 2.6 for details). Phillips and Raeburn proved in [PR79] that any two Kadison-Kastler close AF algebras must be isomorphic, but they were not able to control the distance between the isomorphism and the identity; this problem has been open since. Later, in [Chr80] , it was proved (among other things) that every two Kadison-Kastler close copies of an AF algebra are unitarily equivalent. This was extended to separable nuclear C*-algebras in [CSS + 12] (see also [HKW12, Theorem 2.3]), and it is known that separability (see [CC83] ) is necessary. The question of whether two nonnuclear algebras which are close in the Kadison-Kastler metric are necessarily isomorphic is still open.
Ulam stability for C*-algebras is, as mentioned, closely connected to results on near inclusion; many results from both areas can be found in [Joh88] , [Joh94] , [Chr80] , [HKW12] and [CSS + 12], among others. Our results differ from these in that our notion of an approximate homomorphism does not require linearity; in [Joh88] , Johnson discusses some of the difficulties that arise when the maps involved are not linear. We also ask that the dependence between δ and ǫ is uniform over all algebras and maps involved.
The motivation for considering such a wide and unnatural class of maps (i.e., nonlinear maps) is given by the study of automorphisms of corona algebras (see [Far11a] , [Gha14] , [McK13] and the upcoming [MV] ). In general, Ulam stability results find applications in the theory of rigidity of quotients, where the goal is to find, under some additional set theoretical assumption, some well behaved lifting for morphisms between quotient structures. Examples in a discrete setting can be found in [Far00] or [KR00] , while in the continuous setting [Far11a, Theorem 5 .1] was crucial in determining that under the Open Coloring Axiom all automorphisms of the Calkin algebra are inner.
We would like to point out some obstructions that prevent us from extending Theorem A and Corollary B. In the proof of Theorem A, and in particular in the application of Proposition 1.8, we make heavy use of the compactness of the unitary group of a finite-dimensional C*-algebra; in particular, we take advantage of the Haar measure several times to perform "averaging techniques" that remove irregularities in the given ǫ- * -homomorphism. If the group is not compact (as is the unitary group of every infinite dimensional C*-algebra), such techniques fail. A more specific explanation of the difficulties in obtaining stability results for noncompact groups may be found in [BOT13] .
As for Corollary B, the necessity of having a weak- * -closed range was already noted in [Joh88,  We would like to thank Caleb Eckhardt, George Elliott, Ilijas Farah and Stuart White for the countless remarks and suggestions. In particular, we would like to thank George Elliott for suggesting the use of the Peter-Weyl theorem in the proof of our main result, and Stuart White for suggesting the statement of Corollary B.
The main result
First we must introduce the precise definition of ǫ- * -homomorphism that we will be using. Definition 1.1. A map φ : A → B between C*-algebras is called an ǫ- * -homomorphism if for all x, y ∈ A ≤1 and λ ∈ C ≤1 , we have
The notion of closeness that we will use is simply the metric induced by the uniform norm over the unit ball, which of course coincides with the operator norm whenever the maps in consideration are linear: Definition 1.2. If φ : A → B is a map between C*-algebras, then we will write φ for the quantity
and φ is said to be ǫ-surjective if for all b ∈ B ≤1 there is a ∈ A with
We define an ǫ- * -isomorphism to be an ǫ-isometric, ǫ-surjective ǫ- * -homomorphism. We say that a map φ is ǫ-nonzero if there is a ∈ A with a = 1 and φ(a) ≥ 1 − ǫ.
Remark 1.3. To aid our calculations later on, we will often assume that φ ≤ 1. For our results, this gives no loss of generality, since if φ is an ǫ- * -homomorphism as defined above, and φ > 1, then ψ = 1 φ φ satisfies φ − ψ ≤ ǫ. Similarly, if A is unital and ǫ is small enough, then we may assume without loss of generality that φ(1) is a projection. To see this, note that φ(1) is an almost-projection and hence (by standard spectral theory tricks) is close to an actual projection p ∈ B. Then by replacing φ(1) with p, we get a unital δ- * -homomorphism, where δ is polynomial in ǫ.
It should be noted that the definition of an ǫ- * -homomorphism provided in [Far11a] was in fact our definition of an ǫ-isometric ǫ- * -homomorphism. When A is a full matrix algebra, and ǫ is sufficiently small, being an ǫ-isometry is automatic:
B is a C*-algebra, and φ :
Proof. Suppose that there is x of norm 1 with φ(
(Here we are using the fact that φ ≤ 1.) Let s(a) = a * a for all a ∈ A.
By Taylor's theorem, and our assumption that ǫ < 1 100 , we have
It follows that the inequality (1) holds for all positive integers k in the range
Since x is such that φ(x) ≤ 1 − 2 √ ǫ, we have that
By repeatedly applying s, for k ≤
In particular, if n is the maximal integer smaller than
as required.
Replacing x with s n (x), we can assume that x is positive, φ(x) ≤ 2 √ ǫ and 1 ∈ σ(x). In particular, there is a projection p ∈ M ℓ of rank 1 such that pxp = p. Then,
. For the same reason as before, since s n (p) = p for all n, we have φ(p) ≤ 2 √ ǫ. As every two projections of the same rank in M ℓ are unitarily equivalent, every projection of rank 1 has image of small norm. Note that for every projection
2 . Let j ≤ ℓ be the minimum such that there is a projection p of rank j with φ(p) ≥ 1 2 . Since φ(1) ≥ 1 2 , j exists and, by the above, j > 1. Let q 1 , q 2 be projections of rank smaller than j, with p = q 1 + q 2 . We have
We now can give the definition of stability we are going to use throughout the paper. Definition 1.6. Let C and D be two classes of C*-algebras. We say that the pair (C, D) is Ulam stable if for every ǫ > 0 there is a δ > 0 such that for all A ∈ C and B ∈ D and for every δ- * -homomorphism φ : A → B, there is a * -homomorphism ψ : A → B with φ − ψ < ǫ.
Recall that F denotes the class of finite-dimensional C*-algebras, and C * the class of all C*-algebras. The following is Theorem A above: Theorem 1.7. There are K, δ > 0 such that given ǫ < δ, F ∈ F, A ∈ C * and an ǫ- * -homomorphism φ : F → A, there exists a * -homomorphism ψ :
Consequently, the pair (F, C * ) is Ulam stable.
The proof goes through successive approximations of an ǫ- * -homomorphism φ with increasingly nice properties. Each step will consist of an alreadyknown approximation result; our proof will thus consist of stringing each of these results together, sometimes with a little work in between. Before beginning the proof we describe some of the tools we will use.
The following Proposition is essentially proved in [AGG99, Proposition 5.14]; one can also find similar ideas in the proof of [Kaz82, Proposition 5.2]. Our version is slightly more general, in that the values of ρ are taken from the invertible elements of a separable Banach algebra, and ρ is allowed to be just Borel measurable. In our proof, we will need the Bochner integral, which is defined for certain functions taking values in a Banach space. For an introduction to the Bochner integral and its properties, we refer the reader to [Coh13, Appendix E]. For our purposes, we note that the Bochner integral is defined for any measurable function f from a measure space (X, Σ, µ) into a separable Banach space E such that the function x → f (x) is in L 1 (X, Σ, µ), and in this case,
Moreover, if G is a compact group and µ is the Haar measure on G, then for any Bochner-integrable f : G → E and g ∈ G we have
Proposition 1.8. Suppose A is a separable Banach algebra, G is a compact group, and ρ : G → GL(A) is a Borel-measurable map satisfying, for all u, v ∈ G, ρ(u) −1 ≤ κ and ρ(uv) − ρ(u)ρ(v) ≤ ǫ where κ and ǫ are positive constants satisfying ǫ < κ −2 . Then there is a Borel-measurableρ :
and finally, 3. for all u, v ∈ G,
Proof. Defineρ
where µ is the Haar measure on G, and the integral above is the Bochner integral. Clearly,ρ is Borel-measurable. To check condition (1), we have
Note now that
By standard spectral theory, since ρ(u) is invertible and ρ(u) − ρ(u) < 1, we have thatρ(u) is invertible too, and moreover
which proves condition (2). The real work comes now in proving condition (3). First, we note that
and
For I 1 we have
As for I 2 , we have
Using the translation-invariance of µ on the first integral above to replace xu with x, we see that
Finally, note that
so we have that I 2 ≤ κ 2 ǫ 2 . This proves condition (3).
Lastly, for convenience, we state Farah's result:
Theorem 1.9 (Theorem 5.1, [Far11b] ). There are constants K 1 , γ > 0 such that whenever ǫ < γ, F 1 , F 2 ∈ F and φ :
there is a * -homomorphism ψ : F 1 → F 2 with φ − ψ < K 1 ǫ. Hence, the pair (F, F) is Ulam stable.
We are now ready to prove our main result. In the proof we will make several successive modifications to φ, and in each case the relevant ǫ will increase by some linear factor. In order to keep the notation readable, we will call the resulting ǫ's ǫ 1 , ǫ 2 , . . .
Proof of Theorem 1.7. Let γ, K > 0 witness Farah's Theorem. Let δ ≪ γ, 1/K. We will in particular require δ < 2 −12 . Fix ǫ < δ, A ∈ C * , F ∈ F, and an ǫ- * -homomorphism φ : F → A. As in Remark 1.3, we will assume that A is unital, φ(1) = 1, and φ ≤ 1.
Let X = {x 0 , . . . , x k } be a finite subset of F ≤2 which is ǫ-dense in F ≤2 and which includes 1. Define a map φ ′ : F ≤2 → A by letting φ ′ (x) = φ(x i ), where i is the minimal integer such that x − x i < ǫ. Clearly, the range of φ ′ is just {φ(x 0 ), . . . , φ(x k )}, and if
so φ ′ is a Borel map. Moreover, φ ′ (x) − φ(x) < ǫ for all x ∈ F ≤2 . It follows that φ ′ is an ǫ 1 - * -homomorphism, where ǫ 1 = 4ǫ. Note also that φ ′ (1) = 1 and φ ′ ≤ 1. Replacing φ with φ ′ and A with the C*-algebra generated by {φ(x 0 ), . . . , φ(x k )}, we may assume that φ is Borel-measurable and A is separable (at the expense of restricting the domain of φ to F ≤2 ). Since ǫ 1 < 1 and φ is unital, it follows that for every u ∈ U (F ), we have φ(u −1 )φ(u) − 1 < 1 and hence that φ(u) is invertible, and φ(u) −1 ≤ 2. Let ρ 0 be the restriction of φ to U (F ). Applying Proposition 1.8 repeatedly, we may find a sequence of maps ρ n : U (F ) → GL(A) satisfying, for all u, v ∈ U (F ),
where δ n and κ n are defined by letting δ 0 = ǫ 1 , κ 0 = 2, and δ n+1 = 2κ 2 n δ 2 n κ n+1 = κ n 1 − κ 2 n δ n Claim 1.10. For each n, κ n+1 − κ n < 2 −n and δ n ≤ 2 5(1−2 n ) ǫ 1 . Consequently, κ n < 4 for all n, and ∞ n=0 κ n δ n < 8ǫ 1 .
Proof. We will prove that κ n+1 − κ n < 2 −n and δ n ≤ 2 5(1−2 n ) ǫ 1 by induction on n. For the base case we note that δ 0 = ǫ 1 = 4ǫ < 2 −10 ,
Now suppose κ 0 , . . . , κ n and δ 0 , . . . , δ n satisfy the induction hypothesis above. Then we clearly have
Then using this fact and the assumption ǫ 1 < 2 −10 ,
Moreover,
Finally, note that 2−5·2 n ≤ −n for all n ≥ 0. This proves the first two parts of the claim. We have already noted that κ n < 2 + 1 + · · · + 2 −(n−1) < 4. As for the other sum, we have
It follows from the above claim that the map ρ given by ρ(u) = lim ρ n (u) is defined on U (F ), maps into GL(A), and is multiplicative, Borel-measurable, and satisfies ρ − φ ≤ 8ǫ 1 = ǫ 2 .
Fix a faithful representation σ of A on a separable Hilbert space H, and let τ : U (F ) → GL(H) be the composition σ • ρ. Then τ is a group homomorphism which is Borel-measurable with respect to the strong operator topology on B(H). Moreover, τ (u) ≤ 1 + ǫ 2 and τ (u) * τ (u) − 1 ≤ ǫ 2 (4 + ǫ 2 ) = ǫ 3 for all u ∈ U (F ). Since U (F ) is compact, and hence unitarizable, it follows that there is a T ∈ GL(H) such that π(u) = T τ (u)T −1 is unitary for every u ∈ U (F ), and moreover the proof in this case shows that we may choose T so that T − 1 ≤ ǫ 3 . It follows that
Recall that U (F ), with the norm topology, and U (H), with the strong operator topology, are Polish groups; then, by Pettis's Theorem (see e.g., [Ros09, Theorem 2.2]), it follows that π, a Borel-measurable group homomorphism, is continuous with respect to these topologies. By the Peter-Weyl Theorem, we may write H = H k , where each H k is finite-dimensional and π↾H k is irreducible. In particular, if p k = proj(H k ), we have that for every k ∈ N and u ∈ U (F ), [p k , π(u)] = 0, and moreover
Since each element a of a unital C*-algebra is a linear combination of 4 unitaries whose coefficients have absolute value at most a , we deduce that
It is not hard to show that φ k : F → B(H k ) is an ǫ 5 - * -homomorphism, where ǫ 5 = 8(ǫ 4 + ǫ 2 ) + 9ǫ 1 . (In fact, φ k is nearly an ǫ 1 - * -homomorphism; however, to check that φ k (ab) − φ k (a)φ k (b) is small we need the norm on the commutator computed above.) By [Far11b, Theorem 5.1] and our choice of γ and K, there is a * -homomorphism
Since we also have π(u) − σ(φ(u)) ≤ ǫ 4 + ǫ 2 , it follows that C ⊂ ǫ 6 B, where
and V CV * ⊆ B. In particular, V is unitary, and the * -homomorphism η :
6 . Since σ is injective, for every x ∈ F we can define
Then ψ is a * -homomomorphism mapping F into A. Moreover by construction we have that
where L is a constant independent of ǫ, the dimension of F , A, and φ. This completes the proof.
An alternative proof. We would like to remark that it is possible to obtain the conclusion of Theorem 1.7 via a slightly different argument. This different approach gives us the occasion of remarking the following proposition, that is essentially contained in the proof of [Far11b, Theorem 5.1], but contains some small mistakes that we would like to correct for future reference. We therefore provide a sketch of the proof.
Lemma 1.11. (Farah) Let ǫ > 0 be sufficiently small, and let F, G ∈ F. Let π : U (F ) → U (G) be a continuous group homomorphism such that there is some ǫ- * -homomorphism φ : F → G with φ(u) − π(u) ≤ ǫ for all u ∈ U (F ). Then π extends to a * -homomorphism from F to G.
The proof can be taken verbatim from [Far11b, p. 22] , as long as a few modifications are provided to make Farah's argument correct. Let us assume that F, G are matrix algebras, and consider a self-adjoint unitary a ∈ F . Then, applying Stone's Theorem to the 1-parameter group π(exp ira ), for r ∈ R, to find a self-adjoint unitary ρ(a) ∈ G such that π(exp(ira)) = exp(irρ(a)), for r ∈ R. (Note that in Farah's paper a is not required to be self-adjoint, and therefore ρ(a) might not be unique). It is still possible to show that ρ(1 F ) = 1 G and, given a projection p and the corresponding self-adjoint unitary u = 1 − 2p, it is possible to define
The proof from this point goes as in Farah's Theorem, eliminating the part where is stated that exp(iru) = exp ir u, as this slight incorrectness is not necessary for the success of the proof. This lemma, interesting on its own right, leads to a different proof of Theorem 1.7: take a faithful representation σ : A → B(H), and let π : U (F ) → B(H) be a a continuous group homomorphism approximating σ • f on the unitary group as before. Letting H = H k , with H k finite-dimensional and π↾H k irreducible the decomposition provided by Peter-Weyl's Theorem, we have that for every k, π↾H k respects the hypothesis of Lemma 1.11. Hence, for every k, there is a * -homomorphism ψ k : F → B(H k ) which extends π↾H k . Defining ψ ′ = ψ k and C = ψ ′ [F ] we can proceed as in the original proof.
Further results: inductive limits and von Neumann algebra
Given a class of unital nuclear C*-algebras C, let D C be the class of all unital inductive limits of C*-algebras in C. In formulas, A ∈ D C if and only if there are A λ ∈ C, for λ ∈ Λ, with
• A λ ⊆ A µ for every λ < µ ∈ Λ, where the inclusion is unital;
(for example, if C denotes the class of full matrix algebras, D C is the class of all separable UHF algebras.
The goal of this section is to prove the following Theorem:
Theorem 2.1. Let C be a class of unital nuclear C*-algebras.
The first part of the following corollary is proved by combining Theorem 1.7 and Theorem 2.1. The second part can be seen from the proof of Theorem 2.1. It should be pointed out that we do not require, in the statement of Theorem 2.1, the ǫ- * -homomorphisms to be δ-isometric, for any δ.
We will make use of a small proposition and of a consequence of [Joh88, Theorem 7.2]:
Proposition 2.3. Let M be a von Neumann algebra and
Theorem 2.4. There is K such that for any unital, nuclear C*-algebra A, von Neumann algebra M , ǫ > 0 and for any linear ǫ- * -homomorphism φ : A → M , there is a * -homomorphism ψ with φ − ψ < Kǫ Remark 2.5. Johnson's theorem [Joh88, Theorem 7.2] is more general, as it applies to a class of Banach * -algebras which does not include just C*-algebras. However, in this context the constant K depends on the constant of amenability of A, as it depends on the best possible norm of an approximate diagonal in A⊗A. Since every C*-algebra is 1-amenable (see, for example, [Run02] ), our version follows.
The proof of Theorem 2.1 relies heavily on the fact that the range algebra, being a von Neumann algebra, is a dual Banach algebra. The assumption of nuclearity for elements of the class C is crucial due to the application of [Joh88, Theorem 3.1].
Proof of Theorem 2.1. Let ǫ > 0, A ∈ D C , M ∈ M and fix {A λ } λ∈Λ be a directed system of algebras in C with direct limit A. Fix a nonprincipal ultrafilter U on Λ and let η = ǫ 2 K 2 where K is given by Theorem 2.4. As (C, M) is Ulam stable by hypothesis, we can fix δ such that whenever C ∈ C, M ∈ M, and φ : C → M is a δ- * -homomorphism, there is a * -homomorphism ψ with ψ − φ < η. Let ρ : A → M be a δ- * -homomorphism. Then, for every λ ∈ Λ, there is a * -homomorphism ψ λ with ψ λ : A λ → M such that
We extend each map ψ λ to µ∈Λ A µ , setting ψ λ (a) = 0 if a / ∈ A λ . Note that for every a ∈ A λ there is λ 0 such that for all λ ≥ λ 0 we have that ψ λ (a) − ρ(a) < η. For every a ∈ A λ , define
Such a limit exists, since M is a von Neumann algebra and ψ λ (a) ≤ a for every λ ∈ Λ. In particular the map ψ is a continuous, bounded, unital, linear map with domain equal to A λ , so it can be extended to a linear (actually, a completely positive and contractive) map
By Lemma 2.3, for every a ∈ A λ with a ≤ 1, we have ψ (a) − ρ(a) ≤ η.
It follows thatψ is 4η-multiplicative.
As M is a von Neumann algebra, and particular a dual Banach algebra, we can now apply [Joh88, Theorem 7.2] in the version of Theorem 2.4 to get a * -homomorphism ψ ′ : A → M with
The conclusion follows.
As promised, we conclude with a connection to the perturbation theory of C*-algebras. Recall that the Kadison-Kastler distance between two subalgebras of B(H) is given by
Phillips and Raeburn proved, in [PR79] , that any two AF subalgebras of B(H) which are sufficiently close in the Kadison-Kastler metric must be unitarily conjugate. However, they were not able to control the distance between the unitary and the identity operator in terms of the distance between the two AF algebras. This problem remains open, although partial results have been obtained in [CSS + 12] (see Theorem 4.3 there). Below, we give an equivalent condition in terms of approximate maps.
Corollary 2.6. The following conditions are equivalent:
1. For every ǫ > 0 there is δ > 0 such that whenever A ∈ AF and φ : A → A is a δ- * -isomorphism there is a * -isomorphism ψ : A → A with φ − ψ < ǫ; 2. For every ǫ > 0 there is δ > 0 such that whenever A ∈ AF, and A 1 , A 2 ⊆ B(H) are isomorphic copies of A with d KK (A 1 , A 2 ) < δ, there is a * -isomorphism φ : A 1 → A 2 with φ − id < ǫ.
Proof. For (1) =⇒ (2), let ǫ > 0 and use condition (1) with ǫ/2 to choose a δ, with δ ≤ 2ǫ. Fix an AF algebra A and two isomorphic copies A 1 , A 2 ⊆ B(H) as in condition (2), with d KK (A 1 , A 2 ) < δ/4. Define a map φ : A 1 → A 2 assigning to every x ∈ A 1 some y ∈ A 2 with x = y and x − y ≤ x δ/4. It is routine to verify that φ is a δ- * -isomorphism, so, thanks to condition (1) and our choice of δ it can be perturbed to a * -isomorphism ψ : A 1 → A 2 that is ǫ/2-close to φ. Since φ is ǫ/2-close to the identity, we have verified condition (2).
For (2) =⇒ (1), let again ǫ > 0 and use condition (2) to choose δ > 0 such that for every pair of unital, AF subalgebras of B(H) which are δ-close in the Kadison-Kastler metric, there is a * -isomorphism between them that differs from the identity by less than ǫ/2. We assume that δ ≤ ǫ/2. We also use Corollary 2.2 to choose η > 0, with η < δ, such that for every unital AF algebra A and every η- * -homomorphism σ : A → B(H), there is a * -homomorphism τ : A → B(H) with σ − τ < δ.
Now fix a unital AF algebra A and an η- * -isomorphism φ : A → A. Let π : A → B(H) be a faithful representation of A. By factoring through π, we may define an η- * -isomorphism φ ′ : π(A) → π(A) with π • φ = φ ′ • π. By our choice of η, there is a * -homomorphism ψ ′ : π(A) → B(H) with φ ′ − ψ ′ < δ. In particular, we have that d KK (π(A), ψ ′ (π(A))) < δ, so by our choice of δ, there is a * -isomorphism σ : ψ ′ (π(A)) → π(A) with σ − id < ǫ/2. Then the map ψ = π −1 • σ • ψ ′ • π is a * -isomorphism from A to A with φ − ψ < ǫ, as required.
